Flying in formation improves aerodynamic efficiency and consequently leads to an energy savings. One strategy for formation control is to follow the preceding vehicle. Many researchers have shown through simulation results and analysis of specific control laws that this strategy leads to amplification of disturbances as they propagate through the formation. This effect is known as string instability. In this paper, we show that string instability is due to a fundamental constraint on coupled feedback loops. The tradeoffs imposed by this constraint imply that predecessor following is an inherently poor strategy for formation flight control. Finally, we present two examples that demonstrate the theoretical results.
frequency domain arguments to show that predecessor-following leads to string instability for any linear, timeinvariant controller. This result holds even for vehicles with many inputs and outputs, such as fixed wing aircraft or helicopters. Thus the predecessor-following strategy places a fundamental constraint on the error dynamics within a formation. This motivates the need for more sophisticated control strategies relying on nonlinear techniques, intra-vehicle communication, and / or advanced distributed control.
The remainder of the paper has the following outline. In the next section, we discuss a technical result on coupled feedback loops. The fundamental constraint arises from a complementary sensitivity integral that is reminiscent of the Bode sensitivity integral. In Section 3 we demonstrate the application of this result to formation control problems.
The first example involves a formation of small-scale helicopters performing a low-speed maneuver. The second example involves a formation of fixed-wing aircraft in tight formation. This second example is of interest because we show that the aerodynamic coupling between vehicles can be considered within this formulation. In the final section, we offer some conclusions based on this work.
Error Propagation in Coupled Feedback Loops
In this section, we consider the coupled feedback loops shown in Figure 1 . First, we derive the error dynamics for the coupled loops. Then we state and prove an integral constraint on the complementary sensitivity function. In the final subsection, we discuss the tradeoffs implied by this constraint.
The coupled loops in Figure 1 should be viewed as an abstraction of the predecessor-following strategy. In formation flight problem, y i is the 'position' of the i th vehicle. For predecessor-following, the position of the i th vehicle is used as the reference for the (i+1) th vehicle. In this scenario, the loop transfer function is L(s) = P (s)K(s) where P (s) is a linearized vehicle model and K(s) is the controller. This interpretation will be discussed further in Section 3. 
Derivation of Error Dynamics
Let L(s) be an n × n transfer function. For the first feedback loop, the transfer function from reference to error is given by:
where S(s) is the sensitivity transfer function. For the (i + 1) th feedback loop, the error is defined as e i (s) :=
, we obtain the following propagation relation which holds for i ≥ 1: to be small at low frequencies andσ [T (jω)] to be small at high frequencies.
In the context of the coupled loops, the S(s) vs. T (s) trade-off has the interpretation of limiting the first tracking error (makingσ [S(jω)] small) and limiting the propagation of errors (makingσ [T (jω)] small). Unfortunately, we cannot spread these competing objectives into different frequency bands. We still needσ [S(jω)] to be small at low frequencies for reference tracking. However, we also needσ [T (jω)] to be small at low frequencies so that propagating errors are attenuated. In the next section, we show that an additional assumption on L(s) further constrains T (s).
Complementary Sensitivity Integral
In this section, we make the additional assumption that L(s) has at least one integrator: L(s) = (s). SinceL(s) has no zero at s = 0,L(0) is full rank and hence invertible [23] . It follows that T (0) = I and hence DC errors are propagated without attenuation. An additional consequence is that T (jω) satisfies an integral constraint that is similar to the Bode Sensitivity Integral. The following theorem is a generalization of a SISO result by Middleton and Goodwin [15] , [12] . It is similar to MIMO results obtained by Chen [3] , [4] . In the next section, we discuss the design tradeoffs implied by this integral constraint.
Theorem 1 If T (s) is stable and T (0) = I, then the complementary sensitivity function must satisfy:
where ρ [·] denotes the spectral radius, log is the natural log, and T (0) := dT (s) ds s=0
.
Proof.
By assumption, T (s) is an n × n matrix with entries that are analytic and bounded in the open right half plane.
Boyd and Desoer [2] proved that log ρ [T (s)] is subharmonic and satisfies the Poisson Inequality for x > 0:
Multiplying Equation 4 by 1/x and taking the limit of both sides as x → 0 gives inequality (a) below:
Equality (b) follows by applying the monotone convergence theorem [19] to the positive and negative parts of the integrand. Equality (c) follows from the conjugate symmetry property of T (s):
The proof is concluded by showing lim x→0
and applying the end-to-end inequality in
Equation 5. By assumption, T (0) = I and hence T (x) can be expanded for sufficiently small x > 0 as:
where o(x) denotes a quantity that satisfies lim x→0
Design Tradeoffs
In this subsection, we discuss the design tradeoffs implied by the integral constraint on T (jω). First we show that this integral constraint can be combined with performance and robustness conditions to argue that ρ [T (jω)] > 1 at some frequencies. The following corollary to Theorem 1 provides a useful bound. 
where K v := lim s→0 sL(s) is the velocity constant for the system.
Proof.
The assumptions on L(s) imply that T (0) = I and hence the integral constraint in Theorem 1 holds. First, σ [T (jω)] ≤ α leads to the following bound:
As a result, the integral constraint in Equation 3 can be written as:
We complete the proof by showing that
v . The derivative of T (s) is given by:
Using L(s) = 1 s mL (s), this can be written as:
are well defined becauseL(s) has neither pole nor zero at s = 0. Thus if m = 1 then
Now we consider the effect of performance and robustness constraints in addition to the constraint in Corollary 1.
First, we note that ρ [T (jω)] > 1 holds for some ω if the loop contains two integrators. In this special case,
= 0 and Equation 7 can be written as: In most formation control problems, the performance and robustness conditions will cause We now tie the condition ρ [T (jω)] > 1 to error propagation in the coupled loops. There exists a unit vector, v ∈ C n , such that T (jω)v = λv and |λ| = ρ [T (jω)] > 1. If e 0 (jω) = v, then e 1 (jω) = λv. Hence the error is amplified: e 0 (jω) = 1 and e 1 (jω) = ρ [T (jω)] > 1. e 1 (jω) is just a scaled version of v and it will continue to be amplified when it propagates. The error is being geometrically amplified at this frequency and direction as it propagates away from the leader: e i (jω) = λ i v. The end result of this error amplification is that it is progressively more difficult for each 'vehicle' to track the reference from the preceding 'vehicle'. In the next section, we give a concrete explanation of this condition in the context of an example.
Application to Formation Flight
In this section we present two examples demonstrating that formation flight fits in the abstract framework of the coupled loops (Figure 1 ). The first example considers a formation of small-scale helicopters that are used at University of California, Berkeley. While this example does not consider all aspects present in a real formation flight problem, it does provide a concrete interpretation of the string instability results in this paper. The second example considers tight formation flight of fixed wing aircraft. The purpose of this example is to demonstrate that the aerodynamic coupling introduced in tight formations can still be considered in the framework of the coupled loops.
Helicopter Formation
First we review some results for modeling and control of small-scale helicopters. In particular, we describe the work done by D. Shim (see [22] and the references therein) on a Yamaha R-50 helicopter. Mettler, et al. developed a parametric model for a Yamaha R-50 helicopter [14] . Shim used this model and applied a time-domain system identification technique to find the best parameter values for the Yamaha R-50 [22] . This linear model is valid for hovering and low velocity maneuvers. The model of the Yamaha R-50 is given by:
where the state vector,x, and control input,ū, are given by:
T u, v, and w are the longitudinal, lateral, and vertical speeds (feet/sec) in the helicopter coordinate frame. p, q, and r are the roll, pitch, and yaw rates (rads/sec) in the helicopter frame. φ and θ are the roll and pitch of the helicopter (rads). a and b are the longitudinal and lateral rotor flapping angles. r f b is a yaw rate feedback term in the dynamics.
δ lat and δ lon correspond to the cyclic lateral and longitudinal control inputs (rads), respectively. These two inputs basically control the lateral and longitudinal motions. δ col and δ ped are the collective and directional inputs (rads).
These inputs basically control the vertical motion and the helicopter heading. The state matrices are given by: Note that the velocities and angular rates are given in the helicopter frame. To obtain positions in an earth-fixed frame, a nonlinear coordinate rotation must be used. We assume that the helicopter is sufficiently close to hovering conditions that this rotation can be neglected. Since the model obtained above is only valid for low speed maneuvers, this is not a severe limitation beyond the current assumptions. Given this assumption, the positions (x, y, z) and heading (ψ) in an earth-fixed frame can be obtained by integrating the velocities (u, v, w) and yaw rate (r).
The control law designed and experimentally tested by D. Shim [22] is given by:
The reference trajectories are denoted by the subscript 'd'. The gains are given by:
A block diagram of the feedback system is shown in Figure 3 . H(s) denotes the helicopter model with an inner loop that stabilizes the attitude dynamics. C a ∈ R 2×15 is defined so that Experimental test results of a Yamaha R-50 performing a low speed maneuver using this control law are shown in [22] . A simulation of a low speed maneuver is shown in Figure 4 Reference (x d (t)) and Helicopter (x(t)) trajectories in the x-direction.
Next we consider five helicopters flying in a line. More general formations can be analyzed with only notational changes [20] . The predecessor following strategy has two properties which make it good for implementation. First, it only requires relative spacing measurements with respect to the predecessor. Thus no communication is required for the low-level control. Second, this strategy can be implemented with a control law designed for reference tracking and tested on one vehicle. In the remainder of this section, we demonstrate the string instability that arises when using Shim's controller to control this string of helicopters.
Let p i (t) ∈ R 4 be the output of the i th vehicle: p i (s) := 
This formation of helicopters with the predecessor-following strategy now fits into the coupled feedback loops (Figure 1 ) with L(s) :
The loop transfer function, L(s), has one integrator due to the plant. From the theory developed in the previous section, we expect that this control law, which uses only preceding vehicle information, will perform poorly. Figure 5 shows that error amplification will occur. This figure shows the peak value of ρ[T (jω)] is 1.77 attained at ω 0 = 1.15 rads sec . Moreover, the eigenvector that achieves the spectral radius is [−0.08 + 0.32i; 0.94; 0.01 − 0.01i; 0]
T . This eigenvector is almost aligned with the x-direction. In other words, the low frequency content of a desired trajectory of the following form:
c is a constant, will be amplified geometrically as it propagates through the formation. for the formation. Although we have not discussed it here, control effort is also propagated by a complementary sensitivity function and the theory in the preceding section predicts it will be amplified [20] . The left subplot shows this amplification. Swaroop has shown that communicating leader information is sufficient to remove this string instability [25] . This result also has a simple interpretation in terms of the coupled loops presented in this paper [20] . Distributed control techniques for spatio-temporal systems offer an alternative to communicating leader information [8] .
Tight Formation Flight
One of the motivations for formation flight is fuel savings and to achieve these savings the aircraft must fly in a tight formation. In tight formations, the dynamics of the aircraft are aerodynamically coupled and it is not immediately clear that the results in this paper apply to this situation. In this section, we show that aerodynamically coupled vehicles can still be represented by the feedback loops shown in Figure 1 . Thus, the predecessor-following results derived in this paper still apply to tight formation flight.
An aerodynamic advantage is obtained by flying in the upwash produced by other aircraft in the formation. The details of recent work on this aerodynamic theory can be found in [10] and the references therein. Specifically, a pair of trailing vortices form behind the aircraft. An area of downwash is contained between these vortices and an area of upwash occurs outside the vortices. A trailing aircraft can reduce its fuel consumption by flying in this area of upwash.
Chichka and Speyer [7] described a model of the lateral dynamics of the trailing aircraft in a two-aircraft formation.
We'll use the notation shown in Figure 7 . γ is the desired lateral position of the second aircraft to maximize the drag reduction. The strength of the upwash decays with lateral position and hence the force on the inboard wingtip of aircraft 1 is stronger than on the outboard wingtip. This induces a rolling moment on aircraft 1 that is a function of the relative position with respect to aircraft 0: M (e 1 ) = m 0 + m e e 1 . The lateral dynamics for aircraft 1 are given by [7] :
where β:=side slip angle, p:=roll rate, r := yaw rate, φ := roll angle, ψ:= yaw angle, δ A := aileron deflection, and 
Conclusions
In this paper, we considered the predecessor following strategy for formation flight. We showed several fundamental constraints exists when feedback loops are coupled together. These constraints imply a string instability, i.e. the errors amplify as they propagate through the loops. This constraint is fundamental in the sense that it only depends on the presence of an integrator in the feedback loop. The tradeoffs imposed by this constraint imply that predecessor following is an inherently poor strategy for formation flight control. Finally, we presented two examples that demonstrate the theoretical results. First, we considered a formation of small-scale helicopters and gave frequency and time-domain interpretations of string instability. Then we showed that aerodynamic coupling between aircrafts can be considered in this theoretical framework.
